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Abstract

References [1] and [2] have recently defined the weighted numerical radius of oper-
ators in different ways. This paper studies the differences and unifications of these two
definitions, as well as their connection to the classical numerical radius. Regarding the
numerical radius in reference [2],

ωv(A) = sup
θ∈R

||veiθA+ (1− v)e−iθA∗||

where v ∈ [0, 1] and A is any bounded linear operator on a Hilbert space H. Inspired
by the definition of weighted operator norms in [1], and based on [2], we provide a new
definition of a weighted operator norm. We call

Mv(A) = vA+ (1− v)A∗

the weighted average transformation of operator A, and call

||A||v ≜ ||Mv(A)||

the weighted operator norm of operator A. We utilize the convexity of the weighted
numerical radius combined with the Hadamard inequality to develop estimates for
the numerical radius, particularly focusing on inequalities for the weighted numerical
radius. We establish necessary and sufficient conditions for some boundary equalities
such as

||A+B||v2 = ||A||2v + ||B||2v
and

ωv(A
2 +B2) = 4αmax{ω2

v(A), ω
2
v(B)}

In particular, we use Example 3 to illustrate that the inequality ωv(A+B) ≤ ωv(A) +
ωv(B) strengthens the results of Carmichael and Mason regarding polynomial root
estimation.

Keywords: Weighted numerical radius, Weighted average transformation, Weighted
operator norm, Polynomial roots.
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1 Basic Symbols and Terminology

Definition 1.1 (Inner Product Space, [?, Definition 1]). Let H be a vector space over the
field of complex numbers C. A mapping

⟨·, ·⟩ : H×H → C

is called an inner product on H if it satisfies:

1. Linearity: For any fixed y ∈ H, the mapping x 7→ ⟨x, y⟩ from H to C is linear.

2. Symmetry: For any x, y ∈ H, ⟨x, y⟩ = ⟨y, x⟩.

3. Non-negativity: For any x ∈ H, ⟨x, x⟩ ≥ 0, and ⟨x, x⟩ = 0 if and only if x = 0.

A vector space endowed with an inner product is called an inner product space.

Definition 1.2 (Normed Space, Banach Space, [?, Definition 2]). Let X be a vector space
over C. A functional || · || : X → R+ (where R+ ≥ 0) is called a norm if it satisfies:

1. ||x|| = 0 ⇔ x = 0

2. Triangle inequality: ||x+ y|| ≤ ||x||+ ||y||

3. Homogeneity: ||αx|| = |α|||x|| for α ∈ C, x ∈ X

Then X is called a normed space.
A sequence {xn} in X is called a Cauchy sequence if for any ϵ > 0, there exists a

natural number N such that for m,n ≥ N , ||xn − xm|| ≤ ϵ. If every Cauchy sequence
converges, the normed space X is called complete. A complete normed space is called a
Banach space.

Definition 1.3 (Hilbert Space, [?, Definition 3]). Let H be an inner product space. Let

||x|| = ⟨x, x⟩ 1
2 for x ∈ H. This is called the norm derived from the inner product, and

H thus becomes a normed space. If this normed space is also complete, then H is called a
Hilbert space.

Example 1.1 ([?, Example 1]). If H = Cn, and for ∀x = (xi), y = (yi) ∈ Cn, the inner
product is defined as ⟨x, y⟩ =

∑n
i=1 xiyi, then Cn is a Hilbert space. Furthermore, B(H) =

Mn(C), i.e., the set of all n-order complex matrices on C.

Definition 1.4 (Linear Operator, [?, Definition 4]). Let H be a Hilbert space. A mapping
A : H → H is called a linear mapping (or linear operator) if for any λ ∈ C and any
x, y ∈ H,

A(λx+ y) = λAx+ Ay

A is called bounded if there exists C ≥ 0 such that for any x ∈ H,

||Ax|| ≤ C||x||

4



We define

||A|| = sup
x∈H,x̸=0

||Ax||
||x||

and call ||A|| the norm of A. The set of all bounded linear mappings (or bounded linear
operators) from H to H is denoted B(H).

Definition 1.5 (Banach Algebra, [?, Definition 5]). Let A be a Banach space over C, which
is also an algebra, such that its multiplication satisfies

||xy|| ≤ ||x||||y||

Then A is called a Banach algebra over C.

Definition 1.6 ([?, Definition 6]). Let A be a Banach algebra. x ∈ A is called invertible
if there exists y ∈ A such that xy = yx = 1.

Theorem 1.1 ([?, Theorem 1]). B(H) is a Banach algebra.

Definition 1.7 (Spectrum, [?, Definition 7]). If A ∈ B(H), let the set

σ(A) = {λ ∈ C : λI − A is not invertible}

Then σ(A) is called the spectrum of A, and r(A) = supλ∈σ(A) |λ| is called the spectral
radius of A.

Theorem 1.2 ([?, Theorem 2]). If A ∈ B(H), then there exists a unique A∗ ∈ B(H) such
that

⟨Ax, y⟩ = ⟨x,A∗y⟩, ∀x, y ∈ H
A∗ is called the adjoint operator of A.

Definition 1.8 ([?, Definition 8]). If A ∈ B(H) and A = A∗, then A is called a self-adjoint
operator. If σ(A) ⊆ R+, then A is called a positive operator.

Definition 1.9 ([?, Definition 9]). If A ∈ B(H), let the set

W (A) = {⟨Ax, x⟩ : x ∈ H, ||x|| = 1}

Then W (A) is called the numerical range of A, and

ω(A) = sup
λ∈W (A)

|λ|

is called the numerical radius of A.

Theorem 1.3 ([?, Theorem 10]). If A ∈ B(H), then A can be decomposed into a linear
combination of two self-adjoint operators, i.e.,

A = R(A) + iI(A)

where

R(A) =
A+ A∗

2
, I(A) = A− A∗

2i
are respectively called the real part and imaginary part of A.
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2 Introduction

According to Theorem 10 from the ”Basic Symbols and Terminology” section, for any A ∈
B(H), we have

A = R(A) + iI(A)
where R(A) = A+A∗

2
and I(A) = A−A∗

2i
are the real and imaginary parts of A, respectively.

In particular, when H is the 1-dimensional complex Hilbert space C, we have B(H) = C.
Then for any z = a+ ib ∈ B(H), we have z∗ = z = a− ib, thus

R(z) =
(a+ ib) + (a− ib)

2
= a, and I(z) = (a+ ib)− (a− ib)

2i
= b

From this fact, the definitions of the real and imaginary parts for a general A ∈ B(H) are
natural.

Recently, Sheikhhosseini et al. [2] revisited the real and imaginary parts of A from the
perspective of weighted real numbers. Specifically, for A ∈ B(H) and v ∈ [0, 1], they defined:

Rv(A) = vA+ (1− v)A∗ (1)

Iv(A) =
vA− (1− v)A∗

i
(1)

These are referred to as the weighted real part and weighted imaginary part of the
operator A. When v = 1

2
, we haveRv(A) = R(A) and Iv(A) = I(A). Furthermore, reference

[2] defined the weighted numerical radius as:

ωv(A) = sup
θ∈R

||Rv(e
iθA)|| (2)

This satisfies ω 1
2
(A) = ω(A) and ω0(A) = ω1(A) = ||A|| = ||A∗||.

On the other hand, by Definition 9 and Theorem 10, we have

ω(A) = sup
x∈H,||x||=1

|⟨(R(A) + iI(A))x, x⟩|

Also, from Theorem 1.6 and Theorem 10,

||A|| = sup
x,y∈H,||x||=||y||=1

|⟨Ax, y⟩| = sup
x,y∈H,||x||=||y||=1

|⟨(R(A) + iI(A))x, y⟩|

Influenced by Conde et al. [1], and combining the two equations above, another form of
the weighted imaginary part was defined:

Iv(A) =
(1− v)A− vA∗

i
(3)

This leads to another form of weighted numerical radius ωv(A) and weighted operator norm
||A||v:

ωv(A) = sup
x∈H,||x||=1

|⟨(Rv(A) + iIv(A))x, x⟩| = ω((1− 2v)A∗ + A)

||A||v = sup
x,y∈H,||x||=||y||=1

|⟨(Rv(A) + iIv(A))x, y⟩| = ||(1− 2v)A∗ + A||
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From this, a natural question arises: Based on the weighted numerical radius defined in the
sense of Sheikhhosseini et al. [2], what is the natural form of the weighted operator norm?

We expect the defined weighted operator norm to be a norm, while Proposition 1 indicates
that the weighted operator norm in the sense of Conde et al. [1] is not necessarily a norm.
Therefore, we examine the weighted numerical radius and weighted operator norm in the
sense of Conde et al., which are characterized by a certain neatness. We hope that the
weighted operator norm and weighted numerical radius defined in the sense of Sheikhhosseini
et al. [2] also exhibit a certain form of neatness. To this end, we directly expand from (2):

ωv(A) = sup
θ∈R

||Rv(e
iθA)|| = sup

θ∈R
||veiθA+ (1− v)(eiθA)∗||

We define the weighted operator norm in the sense of Sheikhhosseini et al.:

Definition 2.1 (Weighted Operator Norm). If A ∈ B(H) and v ∈ [0, 1], then

||A||v = ||vA+ (1− v)A∗||

is called the weighted operator norm of the operator A. Clearly, ||A|| 1
2
≤ ||A||0 = ||A||1 =

||A|| = ||A∗||.

Definition 2.2 (Weighted Average Transformation). If A ∈ B(H) and v ∈ [0, 1], we call

Mv(A) = vA+ (1− v)A∗

the weighted average transformation of the operator A. In particular, M0(A) = A∗,
M1(A) = A, and M 1

2
(A) = R(A).

This paper starts with the basic properties of the weighted average transformation, relying
on the Cauchy inequality, to obtain the basic estimate of the weighted operator norm ||A||v,
namely Theorem 1:

||A||v ≤
||v|A|+ (1− v)|A∗|||+ ||v|A∗|+ (1− v)|A|||

2
≤ ||A||

The natural question is the necessary and sufficient condition for equality in the above
inequality. For this, we establish a more general characterization of equality, namely the
equality characterized by Theorem 2:

||AB||v = ||A||||B||

The weighted operator norm inequality for the sum of two operators A,B ∈ B(H) is estab-
lished in Theorem 3:

||A+B||v ≤ (||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)||+ 2ω(Mv(B
∗)Mv(A)))

1
2 ≤ ||A||v + ||B||v

The necessary and sufficient condition for equality ||A+B||v = ||A||v + ||B||v is established
in Theorem 4. As a corollary, when Mv(B

∗)Mv(A) is a positive operator, there is a more
concise necessary and sufficient condition for equality:

||Mv(B
∗)Mv(A)|| = ||B||v||A||v
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Theorem 5 then provides a characterization of the boundary equality ω(Mv(B
∗)Mv(A)) =

max{||A||2v, ||B||2v}, which is equivalent to the boundary equality ||A+B||v = 2max{||A||v, ||B||v}.
Theorem 6 establishes the Pythagorean theorem for the weighted operator norm, namely

||A+B||2v = ||A||2v + ||B||2v

Influenced by these established operator norm equalities, we also consider similar problems
for the weighted numerical radius, namely characterizing

ωv(A+B) = ωv(A) + ωv(B)

and its necessary and sufficient conditions. Theorem 9 then provides the boundary equality
for the weighted numerical radius of an operator product

ωv(AB) = max{||A||2, ||B||2}

and its necessary and sufficient conditions. Finally, we provide the necessary and sufficient
conditions for the boundary equality

ωv(A
2 +B2) = 4αmax{ω2

v(A), ω
2
v(B)}

On the other hand, using the basic relationship between the weighted numerical radius
ωv(A) and the weighted operator norm ||A||v

ωv(A) = sup
θ∈R

||eiθA||v

we start with the convexity of the function f(v) = ||A||v and point out that the difference
of convex functions induced by the weighted numerical radius is not necessarily a convex
function, as seen in Example 2. Subsequently, using the Hadamard − Hammer − Bullen
inequality, we provide an estimate for the weighted numerical radius. These results, while
strengthening the estimates of the weighted numerical radius by Sheikhhosseini [2] and oth-
ers, also, to some extent, enhance the estimates of polynomial roots. Specifically, given an
n-degree polynomial

p(z) = zn + an−1z
n−1 + · · ·+ a1z + a0

where a0 ̸= 0 and a1, . . . , an−1 are complex numbers, the Frobenius companion matrix C(p)
of p(z) is

C(p) =


−an−1 −an−2 · · · −a0

1 0 · · · 0
... 1

. . .
...

0 · · · 1 0


It is well-known that the characteristic polynomial of C(p) is p(z), i.e., the eigenvalues of
C(p) are precisely the roots of p(z). Thus, we have

{|z| : p(z) = 0} = {|λ| : |λ− C(p)| = 0} ≤ r(C(p))
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And from Theorem 2.0 in the Preliminary Knowledge, we have

{|z| : p(z) = 0} ≤ r(C(p)) ≤ ω(C(p))

We utilize the estimation result for ωv(A + B) from Corollary 6, setting v = 1
2
, to provide

an inequality for ω(C(p)) = ω 1
2
(C(p)). Example 3 uses this idea to give an estimate for

the roots of the polynomial p(z) = z3 + z + 1, which, to some extent, improves upon the
estimates of polynomial roots by Carmichael and Mason [12].

3 Preliminary Knowledge

Theorem 3.1 ([?, Theorem 1.1]). If A ∈ B(H), then

||A|| = sup
x∈H,||x||≤1

||Ax|| = sup
x∈H,||x||=1

||Ax||

Furthermore, for any x ∈ H, ||Ax|| ≤ ||A|| · ||x||.

Theorem 3.2 ([?, Theorem 1.2]). If A,B ∈ B(H), then the composite mapping A ◦ B ≜
AB ∈ B(H), and

||AB|| ≤ ||A||||B||

Definition 3.1 ([?, Definition 1.1]). If A ∈ B(H), then |A| = (A∗A)
1
2 is called the arith-

metic square root of A∗A.

Remark 1. Reference [8, Chapter VIII, Proposition 3.5] points out that |A| = |A|∗.

Theorem 3.3 ([?, Theorem 1.3]). If A,B ∈ B(H), then

1. (A∗)∗ = A

2. ||A|| = ||A∗|| = ||AA∗|| 12 = ||A∗A|| 12 = |||A||| = |||A∗|||

3. (AB)∗ = B∗A∗.

Proof. We will only prove |||A∗A|| 12 = ||A|||; the other equalities are well-known. In fact,

using ||A|| = ||A∗A|| 12 and |A| = |A|∗ leads to |||A||| = |||A|∗|| 12 = ||A∗A|| 12 .

Theorem 3.4 ([?, Theorem 1.4]). If A ∈ B(H), then A is a positive operator if and only if
for any x ∈ H, ⟨Ax, x⟩ ≥ 0.

4 Introduction

According to Theorem 10 from the ”Basic Symbols and Terminology” section, for any A ∈
B(H), we have

A = R(A) + iI(A)

9



where R(A) = A+A∗

2
and I(A) = A−A∗

2i
are the real and imaginary parts of A, respectively.

In particular, when H is the 1-dimensional complex Hilbert space C, we have B(H) = C.
Then for any z = a+ ib ∈ B(H), we have z∗ = z = a− ib, thus

R(z) =
(a+ ib) + (a− ib)

2
= a, and I(z) = (a+ ib)− (a− ib)

2i
= b

From this fact, the definitions of the real and imaginary parts for a general A ∈ B(H) are
natural.

Recently, Sheikhhosseini et al. [2] revisited the real and imaginary parts of A from the
perspective of weighted real numbers. Specifically, for A ∈ B(H) and v ∈ [0, 1], they defined:

Rv(A) = vA+ (1− v)A∗ (2)

Iv(A) =
vA− (1− v)A∗

i
(1)

These are referred to as the weighted real part and weighted imaginary part of the
operator A. When v = 1

2
, we haveRv(A) = R(A) and Iv(A) = I(A). Furthermore, reference

[2] defined the weighted numerical radius as:

ωv(A) = sup
θ∈R

||Rv(e
iθA)|| (2)

This satisfies ω 1
2
(A) = ω(A) and ω0(A) = ω1(A) = ||A|| = ||A∗||.

On the other hand, by Definition 9 and Theorem 10, we have

ω(A) = sup
x∈H,||x||=1

|⟨(R(A) + iI(A))x, x⟩|

Also, from Theorem 1.6 and Theorem 10,

||A|| = sup
x,y∈H,||x||=||y||=1

|⟨Ax, y⟩| = sup
x,y∈H,||x||=||y||=1

|⟨(R(A) + iI(A))x, y⟩|

Influenced by Conde et al. [1], and combining the two equations above, another form of
the weighted imaginary part was defined:

Iv(A) =
(1− v)A− vA∗

i
(3)

This leads to another form of weighted numerical radius ωv(A) and weighted operator norm
||A||v:

ωv(A) = sup
x∈H,||x||=1

|⟨(Rv(A) + iIv(A))x, x⟩| = ω((1− 2v)A∗ + A)

||A||v = sup
x,y∈H,||x||=||y||=1

|⟨(Rv(A) + iIv(A))x, y⟩| = ||(1− 2v)A∗ + A||

From this, a natural question arises: Based on the weighted numerical radius defined in the
sense of Sheikhhosseini et al. [2], what is the natural form of the weighted operator norm?
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We expect the defined weighted operator norm to be a norm, while Proposition 1 indicates
that the weighted operator norm in the sense of Conde et al. [1] is not necessarily a norm.
Therefore, we examine the weighted numerical radius and weighted operator norm in the
sense of Conde et al., which are characterized by a certain neatness. We hope that the
weighted operator norm and weighted numerical radius defined in the sense of Sheikhhosseini
et al. [2] also exhibit a certain form of neatness. To this end, we directly expand from (2):

ωv(A) = sup
θ∈R

||Rv(e
iθA)|| = sup

θ∈R
||veiθA+ (1− v)(eiθA)∗||

We define the weighted operator norm in the sense of Sheikhhosseini et al.:

Definition 4.1 (Weighted Operator Norm). If A ∈ B(H) and v ∈ [0, 1], then

||A||v = ||vA+ (1− v)A∗||

is called the weighted operator norm of the operator A. Clearly, ||A|| 1
2
≤ ||A||0 = ||A||1 =

||A|| = ||A∗||.

Definition 4.2 (Weighted Average Transformation). If A ∈ B(H) and v ∈ [0, 1], we call

Mv(A) = vA+ (1− v)A∗

the weighted average transformation of the operator A. In particular, M0(A) = A∗,
M1(A) = A, and M 1

2
(A) = R(A).

This paper starts with the basic properties of the weighted average transformation, relying
on the Cauchy inequality, to obtain the basic estimate of the weighted operator norm ||A||v,
namely Theorem 1:

||A||v ≤
||v|A|+ (1− v)|A∗|||+ ||v|A∗|+ (1− v)|A|||

2
≤ ||A||

The natural question is the necessary and sufficient condition for equality in the above
inequality. For this, we establish a more general characterization of equality, namely the
equality characterized by Theorem 2:

||AB||v = ||A||||B||

The weighted operator norm inequality for the sum of two operators A,B ∈ B(H) is estab-
lished in Theorem 3:

||A+B||v ≤ (||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)||+ 2ω(Mv(B
∗)Mv(A)))

1
2 ≤ ||A||v + ||B||v

The necessary and sufficient condition for equality ||A+B||v = ||A||v + ||B||v is established
in Theorem 4. As a corollary, when Mv(B

∗)Mv(A) is a positive operator, there is a more
concise necessary and sufficient condition for equality:

||Mv(B
∗)Mv(A)|| = ||B||v||A||v

11



Theorem 5 then provides a characterization of the boundary equality ω(Mv(B
∗)Mv(A)) =

max{||A||2v, ||B||2v}, which is equivalent to the boundary equality ||A+B||v = 2max{||A||v, ||B||v}.
Theorem 6 establishes the Pythagorean theorem for the weighted operator norm, namely

||A+B||2v = ||A||2v + ||B||2v

Influenced by these established operator norm equalities, we also consider similar problems
for the weighted numerical radius, namely characterizing

ωv(A+B) = ωv(A) + ωv(B)

and its necessary and sufficient conditions. Theorem 9 then provides the boundary equality
for the weighted numerical radius of an operator product

ωv(AB) = max{||A||2, ||B||2}

and its necessary and sufficient conditions. Finally, we provide the necessary and sufficient
conditions for the boundary equality

ωv(A
2 +B2) = 4αmax{ω2

v(A), ω
2
v(B)}

On the other hand, using the basic relationship between the weighted numerical radius
ωv(A) and the weighted operator norm ||A||v

ωv(A) = sup
θ∈R

||eiθA||v

we start with the convexity of the function f(v) = ||A||v and point out that the difference
of convex functions induced by the weighted numerical radius is not necessarily a convex
function, as seen in Example 2. Subsequently, using the Hadamard − Hammer − Bullen
inequality, we provide an estimate for the weighted numerical radius. These results, while
strengthening the estimates of the weighted numerical radius by Sheikhhosseini [2] and oth-
ers, also, to some extent, enhance the estimates of polynomial roots. Specifically, given an
n-degree polynomial

p(z) = zn + an−1z
n−1 + · · ·+ a1z + a0

where a0 ̸= 0 and a1, . . . , an−1 are complex numbers, the Frobenius companion matrix C(p)
of p(z) is

C(p) =


−an−1 −an−2 · · · −a0

1 0 · · · 0
... 1

. . .
...

0 · · · 1 0


It is well-known that the characteristic polynomial of C(p) is p(z), i.e., the eigenvalues of
C(p) are precisely the roots of p(z). Thus, we have

{|z| : p(z) = 0} = {|λ| : |λ− C(p)| = 0} ≤ r(C(p))

12



And from Theorem 2.0 in the Preliminary Knowledge, we have

{|z| : p(z) = 0} ≤ r(C(p)) ≤ ω(C(p))

We utilize the estimation result for ωv(A + B) from Corollary 6, setting v = 1
2
, to provide

an inequality for ω(C(p)) = ω 1
2
(C(p)). Example 3 uses this idea to give an estimate for

the roots of the polynomial p(z) = z3 + z + 1, which, to some extent, improves upon the
estimates of polynomial roots by Carmichael and Mason [12].

5 Preliminary Knowledge

Theorem 5.1 ([?, Theorem 1.1]). If A ∈ B(H), then

||A|| = sup
x∈H,||x||≤1

||Ax|| = sup
x∈H,||x||=1

||Ax||

Furthermore, for any x ∈ H, ||Ax|| ≤ ||A|| · ||x||.

Theorem 5.2 ([?, Theorem 1.2]). If A,B ∈ B(H), then the composite mapping A ◦ B ≜
AB ∈ B(H), and

||AB|| ≤ ||A||||B||

Definition 5.1 ([?, Definition 1.1]). If A ∈ B(H), then |A| = (A∗A)
1
2 is called the arith-

metic square root of A∗A.

Remark 2. Reference [8, Chapter VIII, Proposition 3.5] points out that |A| = |A|∗.

Theorem 5.3 ([?, Theorem 1.3]). If A,B ∈ B(H), then

1. (A∗)∗ = A

2. ||A|| = ||A∗|| = ||AA∗|| 12 = ||A∗A|| 12 = |||A||| = |||A∗|||

3. (AB)∗ = B∗A∗.

Proof. We will only prove |||A∗A|| 12 = ||A|||; the other equalities are well-known. In fact,

using ||A|| = ||A∗A|| 12 and |A| = |A|∗ leads to |||A||| = |||A|∗|| 12 = ||A∗A|| 12 .

Theorem 5.4 ([?, Theorem 1.4]). If A ∈ B(H), then A is a positive operator if and only if
for any x ∈ H, ⟨Ax, x⟩ ≥ 0.

Theorem 5.5 (Cauchy-Schwarz Inequality, [?, Theorem 1.5]). Let H be an inner product
space. Then for any x, y ∈ H, we have

|⟨x, y⟩|2 ≤ ⟨x, x⟩⟨y, y⟩

Furthermore, the equality holds if and only if x and y are proportional.
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Theorem 5.6 ([?, Theorem 1.6]). If A ∈ B(H), then

||A|| = sup
x,y∈H,||x||=||y||=1

|⟨Ax, y⟩|

Proof. For any x, y ∈ H with ||x|| = ||y|| = 1, the Cauchy-Schwarz inequality gives

|⟨Ax, y⟩| ≤ ||Ax|| · ||y|| = ||Ax|| ≤ ||A||

On the other hand, taking y = Ax
||Ax|| (assuming Ax ̸= 0), we have |⟨Ax, y⟩| = ||Ax||. Thus,

||Ax|| ≤ sup
x,y∈H,||x||=||y||=1

|⟨Ax, y⟩| ≤ ||A||

Taking the supremum of the left side with respect to ||x|| = 1, by Theorem 1.1 we have
||A|| ≤ sup |⟨Ax, y⟩|, which proves the equality.

Theorem 5.7 ([?, Theorem 1.7]). If A ∈ B(H) is a normal operator, i.e., AA∗ = A∗A, then

r(A) = ω(A) = ||A||

Theorem 5.8 ([?, Theorem 1.8]). If A ∈ B(H), then ω(A) = supθ∈R ||R(eiθA)||.

Theorem 5.9 (Mixed Cauchy-Schwarz Inequality, [?, Theorem 1.9]). If A ∈ B(H), and
x, y ∈ H, then

|⟨Ax, y⟩| ≤ ⟨|A|x, x⟩
1
2 ⟨|A∗|y, y⟩

1
2

Theorem 5.10 ([?, Theorem 2.0]). If A ∈ B(H), then r(A) ≤ ω(A) ≤ ||A||.

Theorem 5.11 ([?, Theorem 2.1]). If A ∈ B(H), then ω(A2) ≤ ω2(A).

Theorem 5.12 ([?, Theorem 2.2]). If A,B ∈ B(H) and v ∈ [0, 1], then ωv(A + B) ≤
ωv(A) + ωv(B).

Definition 5.2 ([?, Definition 1.2]). Let f be a function defined on an interval I. If for any
two points x1, x2 on I and any real number λ ∈ (0, 1), it always holds that

f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2)

then f is called a convex function on I.

Lemma 5.13 ([?, Lemma 1.1]). A necessary and sufficient condition for f to be a convex
function on I is: for any three points x1 < x2 < x3 on I, it always holds that

f(x2)− f(x1)

x2 − x1

≤ f(x3)− f(x2)

x3 − x2
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Theorem 5.14 (Hadamard-Hammer-Bullen Inequality, [?, Theorem 2.3]). Let f : I ⊆ R →
R be a convex function. Then for x, y ∈ I and λ ∈ [0, 1]:

f

(
x+ y

2

)
≤ (1− λ)f

(
(1− λ)x+ (1 + λ)y

2

)
+ λf

(
(2− λ)x+ λy

2

)
≤

∫ 1

0

f((1− t)x+ ty)dt

≤ 1

2
(f((1− λ)x+ λy) + (1− λ)f(y) + λf(x))

≤ f(x) + f(y)

2

Theorem 5.15 ([?, Theorem 2.4]). If A ∈ B(H) and v ∈ [1
2
, 1], then ωv(A) ≤ 2vω(A).

6 Main Results

We begin with the necessary and sufficient conditions for the two types of weighted operator
norms to be norms, and then provide results regarding the weighted average transformation
in the sense of Sheikhhosseini.

Proposition 6.1. Let v ∈ [0, 1]. In the sense of Conde et al. [1], the function || · ||v :
B(H) → R+ defined by

A 7→ ||(1− 2v)A∗ + A||
is a norm if and only if v = 1

2
.

Proof. If v = 1
2
, then for any A ∈ B(H), we have

||A||v = ||(1− 2 · 1
2
)A∗ + A|| = ||A||

Thus, || · ||v is obviously a norm.
If v ̸= 1

2
, we assert that the function || · ||v does not satisfy the homogeneity of norms,

and thus || · ||v is not a norm. In fact, considering the pure imaginary unit i and the identity
operator I, we have

||iI||v = ||(1− 2v)(iI)∗ + iI|| = ||(1− 2v)(−iI) + iI|| = ||(−i+ 2vi+ i)I|| = ||2viI|| = 2v

and

|i| · ||I||v = 1 · ||(1− 2v)I∗ + I|| = ||(1− 2v)I + I|| = ||(2− 2v)I|| = |2− 2v| = 2(1− v)

Since v ̸= 1
2
, 2v ̸= 2(1− v), and therefore ||iI||v ̸= |i| · ||I||v. Thus, || · ||v is not a norm.

Proposition 6.2. Let v ∈ [0, 1]. In the sense of Sheikhhosseini, the function || · ||v : B(H) →
R+ defined by

A 7→ ||vA+ (1− v)A∗||
is a norm if and only if v = 0 or v = 1.
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Proof. If v = 0 or v = 1, then for any A ∈ B(H), we have

||A||v = ||A∗|| = ||A|| (for v=0 or v=1)

Thus, || · ||v is obviously a norm.
If v ̸= 0, 1, we assert that the function || · ||v does not satisfy the homogeneity of norms,

and thus || · ||v is not a norm. In fact, considering the pure imaginary unit i and the identity
operator I, we have

||iI||v = ||v(iI)+(1−v)(iI)∗|| = ||viI+(1−v)(−iI)|| = ||(vi−i+vi)I|| = ||(2v−1)iI|| = |2v−1|

and
|i| · ||I||v = 1 · ||vI + (1− v)I|| = ||(v + 1− v)I|| = ||I|| = 1

Since v ̸= 0, 1, we have v ̸= 1/2, so |2v − 1| ̸= 1. Therefore, ||iI||v ̸= |i| · ||I||v, i.e., || · ||v is
not a norm.

Now, we begin our main object of study—the weighted average transformation of oper-
ators, starting with some simple properties.

Proposition 6.3. If A ∈ B(H), then the following conditions are equivalent:

1. A is a self-adjoint operator (A = A∗).

2. For any v ∈ (0, 1), Mv(A) = A holds.

3. There exists v ∈ (0, 1) such that Mv(A) = A holds.

4. There exists v ∈ (0, 1) such that Mv(A) = A∗ holds.

5. For any v ∈ (0, 1), Mv(A) = A∗ holds.

Proof. Note that when v ̸= 1, we have

Mv(A) = A ⇔ vA+ (1− v)A∗ = A ⇔ (1− v)A∗ = (1− v)A ⇔ A = A∗

And when v ̸= 0, we have

Mv(A) = A∗ ⇔ vA+ (1− v)A∗ = A∗ ⇔ vA = vA∗ ⇔ A = A∗

• (1) ⇒ (2): Because A = A∗, for any v ∈ (0, 1), we have Mv(A) = vA + (1 − v)A∗ =
vA+ (1− v)A = A.

• (2) ⇒ (3): This is evident.

• (3) ⇒ (4): Because ∃v ∈ (0, 1) such that Mv(A) = A, by the initial observation,
A = A∗. Thus Mv(A) = A = A∗.

• (4) ⇒ (5): Because ∃v ∈ (0, 1) such that Mv(A) = A∗, by the initial observation,
A = A∗. Therefore, for any v ∈ (0, 1), we have Mv(A) = vA+ (1− v)A∗ = vA∗ + (1−
v)A∗ = A∗.
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• (5) ⇒ (1): By the initial observation, this is evident.

Remark 3. Simply, take A =

(
0 1
0 0

)
∈ M2(C). We have Mv(A) =

{
A v = 1

A∗ v = 0
, and

A ̸= A∗.

Proposition 6.4. If A ∈ B(H) and v ̸= 1
2
, then Mv(A) = 0 if and only if A = 0.

Proof. When v = 1, Mv(A) = A, and the proposition is evidently true. When v ̸= 1, if
Mv(A) = 0, then

vA+ (1− v)A∗ = 0 (4)

By the properties of equality,

A∗ =
v

v − 1
A (5)

Taking the * operation on both sides of (4), by Theorem 1.3(1) we have

vA∗ + (1− v)A = 0 (6)

Substituting (5) into (6) gives(
v2

v − 1
+ (1− v)

)
A =

(
v2 − (1− v)2

v − 1

)
A =

(
2v − 1

v − 1

)
A = 0

Since v ̸= 1
2
, v2

v−1
+(1−v) ̸= 0. Thus, from the above equation, we have A = 0. The converse

is evidently true.

Remark 4. When v = 1
2
, it is easy to see that Mv(A) = 0 if and only if A = −A∗, i.e., A is

an anti-self-adjoint operator.

Next, we study the norm properties ofMv(A), i.e., the properties of the weighted operator
norm ||A||v = ||Mv(A)||. The following theorem provides an estimate for ||A||v and shows
that Mv(A) is a contractive transformation.

Theorem 6.5. If A,B ∈ B(H) and v ∈ [0, 1], then

||A+B||v ≤ (||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)||+ 2ω(Mv(B
∗)Mv(A)))

1
2

≤ ||A||v + ||B||v
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Proof. For any x ∈ H with ||x|| = 1, we expand the norm:

||v(A+B)x+ (1− v)(A+B)∗x||2

= ⟨v(A+B)x+ (1− v)(A+B)∗x, v(A+B)x+ (1− v)(A+B)∗x⟩
= . . . (expansion of many terms) . . .

≤ v2⟨Ax,Ax⟩+ (1− v)2⟨A∗x,A∗x⟩+ v2⟨Bx,Bx⟩+ (1− v)2⟨B∗x,B∗x⟩
+ v(1− v)2R(⟨A∗x,Ax⟩+ ⟨B∗x,Bx⟩)
+ 2ω((vB∗ + (1− v)B)(vA+ (1− v)A∗))

= . . . (regrouping terms) . . .

≤ ||(vA∗ + (1− v)A)(vA+ (1− v)A∗) + (vB∗ + (1− v)B)(vB + (1− v)B∗)||
+ 2ω((vB∗ + (1− v)B)(vA+ (1− v)A∗))

= ||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)||+ 2ω(Mv(B
∗)Mv(A))

≤ ||Mv(A
∗)Mv(A)||+ ||Mv(B

∗)Mv(B)||+ 2ω(Mv(B
∗)Mv(A))

= ||vA+ (1− v)A∗||2 + ||vB + (1− v)B∗||2 + 2ω(Mv(B
∗)Mv(A))

≤ ||A||2v + ||B||2v + 2||Mv(B
∗)Mv(A)||

≤ ||A||2v + ||B||2v + 2||Mv(B
∗)|| · ||Mv(A)||

= ||A||2v + ||B||2v + 2||B||v||A||v
= (||A||v + ||B||v)2

Taking the supremum over x and then the square root of both sides gives the result.

Next, to provide the conditions for equality in Theorem 3, we have the following lemma.

Lemma 6.6. Let {zn = Rzn + iIzn} be a sequence of complex numbers, and a be a non-
negative real number. If limn→∞Rzn = a and limn→∞ |zn| = a, then limn→∞ zn = a.

Proof. The case a = 0 is obvious, so we prove the case a ̸= 0. Since limn→∞Rzn = a, for any
ϵ ∈ (0, a), ∃N1 such that ∀n ≥ N1, we have |Rzn−a| < ϵ

2
, which implies a− ϵ

2
< Rzn < a+ ϵ

2
.

Also, limn→∞ |zn| = a, so ∃N2 ≥ N1 such that ∀n ≥ N2, we have ||zn| − a| < ϵ, or
a− ϵ < |zn| < a+ ϵ.

We have |zn|2 = |Rzn|2 + |Izn|2. Thus,

|Izn|2 = |zn|2 − |Rzn|2 < (a+ ϵ)2 −
(
a− ϵ

2

)2

= (a2 + 2aϵ+ ϵ2)− (a2 − aϵ+
ϵ2

4
) = 3aϵ+

3

4
ϵ2

And

|Izn|2 = |zn|2−|Rzn|2 > (a− ϵ)2−
(
a+

ϵ

2

)2

= (a2− 2aϵ+ ϵ2)− (a2+aϵ+
ϵ2

4
) = −3aϵ+

3

4
ϵ2

Since ϵ can be arbitrarily small, this implies

lim
n→∞

Izn = 0 (13)

Now, |zn − a| = |(Rzn − a) + iIzn| ≤ |Rzn − a| + |Izn|. Combining this with (13) and
limn→∞ Rzn = a, it is easy to see that limn→∞ zn = a.
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Theorem 6.7. If A,B ∈ B(H) and v ∈ [0, 1], then the following propositions are equivalent:

• (i) ||A+B||v = ||A||v + ||B||v

• (ii) There exists a sequence of unit vectors {xn} in H such that

lim
n→∞

⟨Mv(A)xn,Mv(B)xn⟩ = ||A||v||B||v

Proof. (i) ⇒ (ii): Assume ||A + B||v = ||A||v + ||B||v. By definition, ||A + B||v =
sup||x||=1 ||Mv(A+B)x||. Thus, there exists a unit sequence {xn} such that

lim
n→∞

||(v(A+B) + (1− v)(A+B)∗)xn|| = ||A||v + ||B||v (14)

On the other hand, by the triangle inequality:

||Mv(A+B)xn|| = ||Mv(A)xn +Mv(B)xn||
≤ ||Mv(A)xn||+ ||Mv(B)xn||
≤ ||Mv(A)||+ ||Mv(B)|| = ||A||v + ||B||v

Since the limit of the first term is ||A||v + ||B||v, all inequalities must become equalities in
the limit. This implies limn→∞(||Mv(A)xn|| + ||Mv(B)xn||) = ||A||v + ||B||v, which in turn
implies:

lim
n→∞

||Mv(A)xn|| = ||A||v (15)

and
lim
n→∞

||Mv(B)xn|| = ||B||v (16)

Furthermore, we expand the squared norm:

||Mv(A+B)xn||2 = ||Mv(A)xn +Mv(B)xn||2

= ||Mv(A)xn||2 + ||Mv(B)xn||2 + 2R⟨Mv(A)xn,Mv(B)xn⟩

Taking the limit n → ∞ and using (14), (15), and (16):

(||A||v + ||B||v)2 = ||A||2v + ||B||2v + 2 lim
n→∞

R⟨Mv(A)xn,Mv(B)xn⟩

This implies limn→∞ R⟨Mv(A)xn,Mv(B)xn⟩ = ||A||v||B||v.
Also, by Cauchy-Schwarz, |⟨Mv(A)xn,Mv(B)xn⟩| ≤ ||Mv(A)xn|| · ||Mv(B)xn||. Taking

the limit gives limn→∞ |⟨Mv(A)xn,Mv(B)xn⟩| ≤ ||A||v||B||v. Since the limit of the real part
is ||A||v||B||v, we must also have limn→∞ |⟨Mv(A)xn,Mv(B)xn⟩| = ||A||v||B||v. By Lemma
2, since the limit of the real part and the limit of the modulus are equal, the limit of the
complex number itself is the real number:

lim
n→∞

⟨Mv(A)xn,Mv(B)xn⟩ = ||A||v||B||v
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Continuation of Theorem 4 Proof. (ii) ⇒ (i): Assume there exists a unit sequence {xn}
such that

lim
n→∞

⟨Mv(A)xn,Mv(B)xn⟩ = ||A||v||B||v

By Lemma 1, this implies

lim
n→∞

R⟨Mv(A)xn,Mv(B)xn⟩ = ||A||v||B||v (17)

By Cauchy-Schwarz,

|⟨Mv(A)xn,Mv(B)xn⟩| ≤ ||Mv(A)xn|| · ||Mv(B)xn|| ≤ ||A||v||B||v

Since the limit of the inner product is ||A||v||B||v, the inequalities must be equalities in the
limit. This implies:

lim
n→∞

||Mv(A)xn|| = ||A||v (18)

and
lim
n→∞

||Mv(B)xn|| = ||B||v (19)

Now, using (17), (18), and (19), we consider the limit of the squared sum:

(||A||v + ||B||v)2 = lim
n→∞

(
||Mv(A)xn||2 + ||Mv(B)xn||2 + 2R⟨Mv(A)xn,Mv(B)xn⟩

)
= lim

n→∞
||Mv(A)xn +Mv(B)xn||2

= lim
n→∞

||(vA+ (1− v)A∗)xn + (vB + (1− v)B∗)xn||2

= lim
n→∞

||Mv(A+B)xn||2

≤ sup
||x||=1

||Mv(A+B)x||2 = ||A+B||2v

So, (||A||v + ||B||v)2 ≤ ||A+B||2v.
By the triangle inequality, we also know ||A+B||v ≤ ||A||v + ||B||v. Therefore, we must

have ||A+B||v = ||A||v + ||B||v.

Remark 5. Before the next result, we emphasize that for ∀A ∈ B(H), v ∈ [0, 1], it holds that

(Mv(A))
∗ = Mv(A

∗)

In fact, (Mv(A))
∗ = (vA+ (1− v)A∗)∗ = vA∗ + (1− v)(A∗)∗ = vA∗ + (1− v)A = Mv(A

∗).

Corollary 6.8. If A,B ∈ B(H), the following propositions are equivalent:

• (i) ||A+B|| = ||A||+ ||B||

• (ii) There exists a sequence of unit vectors {xn} in H such that

lim
n→∞

⟨Axn, Bxn⟩ = ||A||||B||

Proof. Take v = 1 in Theorem 4.
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Theorem 6.9. If A,B ∈ B(H), v ∈ [0, 1], and Mv(B
∗)Mv(A) is a positive operator, then

the following conditions are equivalent:

• (i) ||A+B||v = 2max{||A||v, ||B||v}

• (ii) ω(Mv(B
∗)Mv(A)) = max{||A||2v, ||B||2v}

Proof. (i) ⇒ (ii): Given ||A + B||v = 2max{||A||v, ||B||v}. We know from the triangle
inequality that

||A+B||v = ||Mv(A+B)|| = ||Mv(A) +Mv(B)||
≤ ||Mv(A)||+ ||Mv(B)|| = ||A||v + ||B||v
≤ 2max{||A||v, ||B||v}

Since the first and last terms are equal, all inequalities must be equalities. This implies:

||A||v = ||B||v = max{||A||v, ||B||v} and ||A+B||v = ||A||v + ||B||v

From ||A+B||v = ||A||v + ||B||v and Corollary 3, we have

||Mv(B
∗)Mv(A)|| = ||B||v||A||v

Since ||A||v = ||B||v, this becomes ||Mv(B
∗)Mv(A)|| = max{||A||2v, ||B||2v}. BecauseMv(B

∗)Mv(A)
is positive, its numerical radius equals its norm:

ω(Mv(B
∗)Mv(A)) = ||Mv(B

∗)Mv(A)|| = max{||A||2v, ||B||2v}

(ii) ⇒ (i): Assume ω(Mv(B
∗)Mv(A)) = max{||A||2v, ||B||2v}. We have the chain of in-

equalities:

max{||A||2v, ||B||2v} = ω(Mv(B
∗)Mv(A)) (by assumption)

≤ ||Mv(B
∗)Mv(A)|| (by Theorem 2.0)

≤ ||Mv(B
∗)|| · ||Mv(A)|| (by Theorem 1.2)

= ||B||v||A||v (by Remark)

≤ ||A||2v + ||B||2v
2

(by AM-GM inequality)

≤ max{||A||2v, ||B||2v}

All inequalities must be equalities. This implies:

1. ||A||v = ||B||v = max{||A||v, ||B||v} (from the AM-GM step)

2. ω(Mv(B
∗)Mv(A)) = ||Mv(B

∗)Mv(A)|| = ||B||v||A||v
Since Mv(B

∗)Mv(A) is positive and (ii) of Corollary 3 is satisfied, we conclude that

||A+B||v = ||A||v + ||B||v

Combining this with ||A||v = ||B||v gives

||A+B||v = 2max{||A||v, ||B||v}
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Example 6.1. The condition ”Mv(B
∗)Mv(A) is a positive operator” in Theorem 5 cannot

be omitted. Let v = 1, B = −I, A = I. Then Mv(B
∗) = M1((−I)∗) = −I and Mv(A) =

M1(I) = I. Thus, Mv(B
∗)Mv(A) = −I. Condition (ii) would be ω(−I) = max{||I||21, || −

I||21} = max{1, 1} = 1. This is true, since ω(−I) = 1. However, condition (i) is

||A+B||v = ||I − I||1 = ||0|| = 0

But
2max{||A||v, ||B||v} = 2max{||I||1, || − I||1} = 2max{1, 1} = 2

Thus 0 ̸= 2, so the theorem fails.

Theorem 6.10. If A,B ∈ B(H), v ∈ [0, 1], and Mv(B
∗)Mv(A) = 0, then the following

conditions are equivalent:

• (i) ||A+B||2v = ||A||2v + ||B||2v

• (ii) There exists a sequence of unit vectors {xn} in H such that

lim
n→∞

⟨Mv(A
∗)Mv(A)xn,Mv(B

∗)Mv(B)xn⟩ = ||A||2v||B||v2

Proof of Theorem 6. (i) ⇒ (ii): BecauseMv(B
∗)Mv(A) = 0, it follows that (Mv(A))

∗Mv(B) =
0. Furthermore, by Theorem 1.3:

||A+B||2v = ||Mv(A+B)||2 = ||Mv(A+B)∗Mv(A+B)||
= ||(Mv(A) +Mv(B))∗(Mv(A) +Mv(B))||
= ||(Mv(A

∗) +Mv(B
∗))(Mv(A) +Mv(B))||

= ||Mv(A
∗)Mv(A) +Mv(A

∗)Mv(B) +Mv(B
∗)Mv(A) +Mv(B

∗)Mv(B)||
= ||Mv(A

∗)Mv(A) +Mv(B
∗)Mv(B)|| (21)

We also know ||Mv(A
∗)Mv(A)|| = ||Mv(A)

∗Mv(A)|| = ||Mv(A)||2 = ||A||2v. So, ||A + B||2v ≤
||Mv(A

∗)Mv(A)||+ ||Mv(B
∗)Mv(B)|| = ||A||2v + ||B||2v. Given ||A+B||2v = ||A||2v + ||B||2v, we

must have

||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)|| = ||Mv(A
∗)Mv(A)||+ ||Mv(B

∗)Mv(B)||

From Corollary 2 (the case for v = 1), there exists a unit sequence {xn} such that

lim
n→∞

⟨(Mv(A))
∗Mv(A)xn, (Mv(B))∗Mv(B)xn⟩

= ||(Mv(A))
∗Mv(A)|| · ||(Mv(B))∗Mv(B)||

= ||Mv(A)||2||Mv(B)||2 = ||A||2v||B||v2

(ii) ⇒ (i): If there exists a unit sequence {xn} such that

lim
n→∞

⟨Mv(A
∗)Mv(A)xn,Mv(B

∗)Mv(B)xn⟩ = ||A||2v||B||2v
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then

lim
n→∞

⟨Mv(A
∗)Mv(A)xn,Mv(B

∗)Mv(B)xn⟩ = ||Mv(A
∗)Mv(A)|| · ||Mv(B

∗)Mv(B)||

By Theorem 4 (with v = 1), this implies

||Mv(A
∗)Mv(A) +Mv(B

∗)Mv(B)|| = ||Mv(A
∗)Mv(A)||+ ||Mv(B

∗)Mv(B)||

Using (21) and the fact that Mv(B
∗)Mv(A) = 0, this becomes

||A+B||2v = ||A||2v + ||B||2v

Fix v ∈ [0, 1] and A ∈ B(H). Define the function f : R → R+

θ 7→ ||veiθA+ (1− v)e−iθA∗||

It is known that f is a composition of continuous functions, so f is continuous. Also,
Ran(f) = Ran(f |[0,2π]). Thus, by the property that a continuous function on a compact set
attains its maximum, we have the following direct fact:

sup
θ∈R

f(θ) = sup
θ∈[0,2π]

f(θ) = max
θ∈[0,2π]

f(θ) (22)

Theorem 6.11. If A,B ∈ B(H) and v ∈ [0, 1], then the following conditions are equivalent:

• (i) ωv(A+B) = ωv(A) + ωv(B)

• (ii) There exists θ ∈ [0, 2π] and a sequence of unit vectors {xn} in H such that

lim
n→∞

⟨Mv(e
iθA)xn,Mv(e

iθB)xn⟩ = ωv(A)ωv(B)

Proof of Theorem 7. (i) ⇒ (ii): Since ωv(A + B) = supθ∈R ||Mv(e
iθ(A + B))||, from (22)

there exists θ0 ∈ [0, 2π] such that

||veiθ0(A+B) + (1− ν)e−iθ0(A+B)∗|| = ωv(A+B)

By Theorem 1.1, there exists a unit sequence {xn} such that

lim
n→∞

||(veiθ0(A+B) + (1− v)e−iθ0(A+B)∗)xn|| = ων(A+B) (23)

Also, by the definition of ωv(A) and the triangle inequality:

||Mv(e
iθ0(A+B))xn|| = ||Mv(e

iθ0A)xn +Mv(e
iθ0B)xn||

≤ ||Mv(e
iθ0A)xn||+ ||Mv(e

iθ0B)xn||
≤ ||Mv(e

iθ0A)||+ ||Mv(e
iθ0B)||

≤ ωv(A) + ωv(B)

23



Given ωv(A+B) = ωv(A) + ωv(B), and taking the limit n → ∞ of the above using (23), all
inequalities must be equalities. This implies:

lim
n→∞

||(veiθ0A+ (1− v)e−iθ0A∗)xn|| = ωv(A) (24)

and
lim
n→∞

||(veiθ0B + (1− v)e−iθ0B∗)xn|| = ωv(B) (25)

On the other hand, expanding the squared norm:

||Mv(e
iθ0(A+B))xn||2 = ||Mv(e

iθ0A)xn +Mv(e
iθ0B)xn||2

= ||Mv(e
iθ0A)xn||2 + ||Mv(e

iθ0B)xn||2 + 2R⟨Mv(e
iθ0A)xn,Mv(e

iθ0B)xn⟩

Taking the limit n → ∞ and using (23), (24), and (25):

(ωv(A) + ωv(B))2 = ωv(A)
2 + ωv(B)2 + 2 lim

n→∞
R⟨Mv(e

iθ0A)xn,Mv(e
iθ0B)xn⟩

This implies limn→∞ R⟨Mv(e
iθ0A)xn,Mv(e

iθ0B)xn⟩ = ωv(A)ωv(B). By Cauchy-Schwarz,
limn→∞ |⟨Mv(e

iθ0A)xn,Mv(e
iθ0B)xn⟩| ≤ ωv(A)ωv(B). Since the real part attains this limit,

by Lemma 2, we have

lim
n→∞

⟨Mv(e
iθ0A)xn,Mv(e

iθ0B)xn⟩ = ωv(A)ωv(B)

Continuation of Theorem 7. (ii) ⇒ (i): Assume there exists θ ∈ [0, 2π] and a unit sequence
{xn} such that

lim
n→∞

⟨Mv(e
iθA)xn,Mv(e

iθB)xn⟩ = ωv(A)ωv(B) (26)

By the Cauchy-Schwarz inequality and the definition of the weighted numerical radius, we
have

|⟨Mv(e
iθA)xn,Mv(e

iθB)xn⟩| ≤ ||Mv(e
iθA)xn|| · ||Mv(e

iθB)xn||
≤ ||Mv(e

iθA)xn|| · ||Mv(e
iθB)||

≤ ||Mv(e
iθA)xn|| · ωv(B)

≤ ||Mv(e
iθA)|| · ωv(B)

≤ ωv(A)ωv(B)

Taking the limit n → ∞, (26) implies all these inequalities must be equalities. Thus,

ωv(A) = ||Mv(e
iθA)|| and ωv(B) = ||Mv(e

iθB)||

and
lim
n→∞

⟨Mv(e
iθA)xn,Mv(e

iθB)xn⟩ = ||Mv(e
iθA)|| · ||Mv(e

iθB)||

By Theorem 4, this implies

||Mv(e
iθ(A+B))|| = ||Mv(e

iθA)||+ ||Mv(e
iθB)|| = ωv(A) + ωv(B)
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By the definition of the weighted numerical radius and Theorem 2.2:

||Mv(e
iθ(A+B))|| ≤ ωv(A+B) ≤ ωv(A) + ωv(B)

Therefore, ωv(A+B) = ωv(A) + ωv(B).

To characterize more equality conditions, we first turn to the study of a class of convex
functions.

Theorem 6.12. Let A,B ∈ B(H) and v ∈ [0, 1]. Define the function f : R → R+ that
satisfies

t 7→ ||tA+ (1− t)B||v
Then f is a convex function on R.

Proof. Let α ∈ (0, 1), β = 1− α, and t1, t2 ∈ R.

f(αt1 + βt2) = ||v((αt1 + βt2)A+ (1− αt1 − βt2)B)

+ (1− v)((αt1 + βt2)A
∗ + (1− αt1 − βt2)B

∗)||
= ||v(αt1A+ βt2A+B − αt1B − βt2B)

+ (1− v)(αt1A
∗ + βt2A

∗ +B∗ − αt1B
∗ − βt2B

∗)||
= ||α(v(t1A+ (1− t1)B) + (1− v)(t1A

∗ + (1− t1)B
∗))

+ β(v(t2A+ (1− t2)B) + (1− v)(t2A
∗ + (1− t2)B

∗))||
≤ α||v(t1A+ (1− t1)B) + (1− v)(t1A

∗ + (1− t1)B
∗)||

+ β||v(t2A+ (1− t2)B) + (1− v)(t2A
∗ + (1− t2)B

∗)||
= αf(t1) + βf(t2)

By Definition 1.2, this is proven.

Corollary 6.13. Let A ∈ B(H). Define the function f : [0, 1] → R+ that satisfies

v 7→ ||vA+ (1− v)A∗||

Then f is a continuous convex function on [0, 1]. f attains its minimum value at v = 1
2
and

its maximum value at v = 0, 1. Furthermore, f is monotonically decreasing on [0, 1
2
] and

monotonically increasing on [1
2
, 1].

Proof. Let B = A∗ and v = 1 in Theorem 8. This shows t 7→ ||tA + (1 − t)A∗|| is convex.
So f(v) is convex. Using the convexity of f and Theorem 1.3, we have

f

(
1

2

)
= f

(
v + (1− v)

2

)
≤ 1

2
f(v) +

1

2
f(1− v)

=
1

2
||vA+ (1− v)A∗||+ 1

2
||(1− v)A+ vA∗||

=
1

2
||vA+ (1− v)A∗||+ 1

2
||(vA+ (1− v)A∗)∗||

= ||vA+ (1− v)A∗|| = f(v)
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Therefore, f attains its minimum value at v = 1
2
. By Theorem 1.3, f(0) = ||A∗|| = ||A|| and

f(1) = ||A||, so f(0) = f(1). By convexity, for v ∈ [0, 1]:

f(v) = f(v · 1 + (1− v) · 0) ≤ vf(1) + (1− v)f(0) = vf(1) + (1− v)f(1) = f(1) = f(0)

Thus, f attains its maximum value at v = 0, 1. Continuity is clear as f is a composition of
continuous functions.

For symmetry, let v ∈ [0, 1
2
].

f

(
1

2
− v

)
= ||

(
1

2
− v

)
A+

(
1− 1

2
+ v

)
A∗||

= ||
(
1

2
− v

)
A+

(
1

2
+ v

)
A∗||

= ||
((

1

2
− v

)
A∗ +

(
1

2
+ v

)
A

)∗

||

= ||
(
1

2
+ v

)
A+

(
1

2
− v

)
A∗|| = f

(
1

2
+ v

)
Thus, f is symmetric about v = 1

2
. Let v1 < v2 <

1
2
. By Lemma 1.1 (on convexity),

f(v2)− f(v1)

v2 − v1
≤

f(1
2
)− f(v2)
1
2
− v2

Since f(1
2
) is the minimum, the right side is ≤ 0. Thus, f(v2)−f(v1)

v2−v1
≤ 0, which implies f(v2) ≤

f(v1). Therefore, f is monotonically decreasing on [0, 1
2
] and, by symmetry, monotonically

increasing on [1
2
, 1].

Remark 6. From Corollary 4, we can assert that for any A ∈ B(H), the function fA(v) =
ωv(A) is a convex function on [0, 1]. This is because fA(v) = supθ∈R ||veiθA+(1−v)e−iθA∗||.
Let A′ = eiθA in Corollary 4. We know v 7→ ||veiθA+ (1− v)e−iθA∗|| is convex for any fixed
θ. Let fθ(v) = ||veiθA+ (1− v)e−iθA∗||. For α+ β = 1 and v1, v2 ∈ [0, 1]:

fθ(αv1 + βv2) ≤ αfθ(v1) + βfθ(v2)

Taking the supremum over θ ∈ R on both sides:

fA(αv1 + βv2) = sup
θ∈R

fθ(αv1 + βv2)

≤ sup
θ∈R

(αfθ(v1) + βfθ(v2))

≤ α sup
θ∈R

fθ(v1) + β sup
θ∈R

fθ(v2)

= αfA(v1) + βfA(v2)

Thus, fA(v) = ωv(A) is a convex function. We wish to point out that the difference of convex
functions induced by operators is not necessarily a convex function.
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Example 6.2. Let A =

(
0 1
0 0

)
and B =

(
0 2
0 0

)
.

ωv(A) = sup
θ∈R

||veiθA+ (1− v)e−iθA∗||

= sup
θ∈R

∥∥∥∥( 0 veiθ

(1− v)e−iθ 0

)∥∥∥∥
The norm of this matrix is the square root of the largest eigenvalue of M∗M , where M =(

0 veiθ

(1− v)e−iθ 0

)
.

M∗M =

(
(1− v)2 0

0 v2

)
The eigenvalues are (1− v)2 and v2.

ωv(A) = sup
θ∈R

√
max{(1− v)2, v2} = max{v, 1− v}

Similarly, ωv(B) = max{2v, 2(1− v)}. Then, let f(v) = ωv(A)− ωv(B).

f(v) = max{v, 1− v} −max{2v, 2(1− v)} =

{
(1− v)− 2(1− v) = v − 1 v ∈ [0, 1

2
]

v − 2v = −v v ∈ [1
2
, 1]

This function is evidently concave.

Corollary 6.14. Let A,B ∈ B(H) and v ∈ [0, 1]. Then

||A+B||v ≤ (1− λ)||(1 + λ)A+ (1− λ)B||v + λ||λA+ (2− λ)B||v

≤ 2

∫ 1

0

||tA+ (1− t)B||vdt

≤ ||λA+ (1− λ)B||v + (1− λ)||A||v + λ||B||v
≤ ||A||v + ||B||v

Proof. By Theorem 8, f(t) = ||tA + (1 − t)B||v is a convex function. By Theorem 2.3
(Hadamard-Hammer-Bullen), setting x = 0, y = 1:

f

(
1

2

)
≤ (1− λ)f

(
1 + λ

2

)
+ λf

(
λ

2

)
≤

∫ 1

0

f(t)dt

≤ 1

2
(f(λ) + (1− λ)f(1) + λf(0))

≤ f(0) + f(1)

2

Substituting the definitions f(0) = ||B||v, f(1) = ||A||v, f(12) = ||1
2
A + 1

2
B||v, etc., gives

the result. (Note: The first and last lines of the corollary seem to be scaled by 2, e.g.,
2f(1/2) ≤ ... ≤ f(0) + f(1)).
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Remark 7. Through the direct relationship below, we establish the subsequent results. For
any A ∈ B(H), its weighted numerical radius ωv(A) and weighted operator norm ||A||v
satisfy

ωv(A) = sup
θ∈R

||eiθA||v (27)

Corollary 6.15. If A,B ∈ B(H) and v ∈ [0, 1], then

ωv(A+B) ≤ sup
θ∈R

(
(1− λ)||(1 + λ)eiθA+ (1− λ)eiθB||v + λ||λeiθA+ (2− λ)eiθB||v

)
≤ sup

θ∈R
2

∫ 1

0

||teiθA+ (1− t)eiθB||vdt

≤ sup
θ∈R

(
||λeiθA+ (1− λ)eiθB||v + (1− λ)||eiθA||v + λ||eiθB||v

)
≤ ωv(A) + ωv(B)

Proof. Let A = eiθA and B = eiθB in Corollary 5. By (27), taking the supremum with
respect to θ ∈ R proves the result.

Example 6.3. Let A =

0 0 0
1 0 0
0 1 0

 and B =

0 1 1
0 0 0
0 0 0

. Then

ωv(A) = sup
θ∈R

||veiθA+ (1− v)e−iθA∗|| = sup
θ∈R

∥∥∥∥∥∥
 0 (1− v)e−iθ 0
veiθ 0 (1− v)e−iθ

0 veiθ 0

∥∥∥∥∥∥
The norm is

√
r(M∗M). M∗M =

 v2 0 v(1− v)e−2iθ

0 (1− v)2 + v2 0
v(1− v)e2iθ 0 (1− v)2

 By Theo-

rem 1.7, the norm is the max eigenvalue: λmax = max{λ : det(M∗M − λI) = 0} det =
(λ− ((1− v)2 + v2)) · [(λ− v2)(λ− (1− v)2)− v2(1− v)2] = 0 det = (λ− (1− 2v + 2v2)) ·
[λ2 − λ + v2(1 − v)2 − v2(1 − v)2] = 0 det = (λ − (1 − 2v + 2v2)) · λ(λ − 1) = 0. The
eigenvalues are 0, 1, 1 − 2v + 2v2. ωv(A) =

√
max{1, 1− 2v + 2v2} =

√
1− 2v + 2v2 (since

1− 2v + 2v2 ≥ 1/2).
Similarly,

ωv(B) = sup
θ∈R

∥∥∥∥∥∥
 0 veiθ veiθ

(1− v)e−iθ 0 0
(1− v)e−iθ 0 0

∥∥∥∥∥∥
M∗M =

2(1− v)2 0 0
0 v2 v2

0 v2 v2

 The eigenvalues are 2(1−v)2, 2v2, 0. ωv(B) =
√

max{2(1− v)2, 2v2} =

√
2max{v, 1 − v}. Thus, ωv(A + B) ≤

√
1− 2v + 2v2 +

√
2max{v, 1 − v}. In particular,

when v = 1
2
:

ω(A+B) = ω 1
2
(A+B) ≤

√
1− 1 + 1/2 +

√
2(
1

2
) =

√
1

2
+

√
2

2
=

√
2
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A + B =

0 1 1
1 0 0
0 1 0

. This is the companion matrix for p(z) = z3 − z − 1. For p(z) =

z3 + z + 1, the companion matrix is C(p) =

0 0 −1
1 0 −1
0 1 0

. The modulus of the zeros λ of

p(z) = z3+z+1 satisfies |λ| ≤
√
2. On the other hand, Carmichael and Mason [12] have the

result: |λ| ≤
√∑n−1

i=0 |ai|2 + 1. For p(z) = z3+ z+1, this gives |λ| ≤
√

|1|2 + |1|2 + 1 =
√
3.

Thus, our result |λ| ≤
√
2 strengthens the result of Carmichael and Mason. In fact, the roots

are z1 ≈ −0.682, z2 ≈ 0.341− 1.162i, z3 ≈ 0.341 + 1.162i. (|z2|, |z3| ≈ 1.21).

Corollary 6.16. If A ∈ B(H), v ∈ [0, 1], and α = max{v, 1− v}, then

1

2α
ωv(A

2) ≤ ω(A2) ≤ ω2(A) ≤ ω2
v(A)

Proof. From Corollary 4, we know f(v) = ||eiθA||v is convex and minimized at v = 1/2, so
||eiθA|| 1

2
≤ ||eiθA||v. Taking the supremum over θ and using (2) and (27), we have

ω(A) = ω 1
2
(A) ≤ ωv(A)

Combining this with Theorem 2.4 (which states ωv(A) ≤ 2αω(A) for v ∈ [1/2, 1]... Note:
The proof seems to use ωv(A

2) ≤ 2αω(A2)) and Theorem 2.1 (ω(A2) ≤ ω2(A)) gives:

1

2α
ωv(A

2) ≤ ω(A2) ≤ ω2(A) ≤ ω2
v(A)

Theorem 6.17. If A,B ∈ B(H) and v ∈ [0, 1], then the following conditions are equivalent:

• (i) ωv(AB) = max{||A||2, ||B||2}

• (ii) There exists a sequence of unit vectors {xn} in H such that

lim
n→∞

|⟨ABxn, (AB)∗xn⟩| = max{||A||4, ||B||4}

Proof. (i) ⇒ (ii): From Definition 9,

ωv(AB) = sup
θ∈R

||veiθAB + (1− ν)e−iθ(AB)∗|| = max{||A||2, ||B||2}

Combining with (22), there exists θ0 such that ||Mν(e
iθ0AB)|| = max{||A||2, ||B||2}. Fur-

thermore,

max{||A||2, ||B||2} = ||Mν(e
iθ0AB)||

= ||veiθ0AB + (1− v)e−iθ0(AB)∗||
≤ v||AB||+ (1− v)||(AB)∗|| = ||AB||

≤ ||A||||B|| ≤ ||A||2 + ||B||2

2
≤ max{||A||2, ||B||2}
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All inequalities must be equalities. This implies ||A|| = ||B|| and ||AB||v = ||A||||B||. By
Theorem 2, there exists a unit sequence {xn} such that

lim
n→∞

⟨(eiθ0AB)xn, ((e
iθ0AB))∗xn⟩ = ||eiθ0A||2||B||2 = ||A||2||B||2 = max{||A||4, ||B||4}

Thus, limn→∞ |⟨ABxn, (AB)∗xn⟩| = max{||A||4, ||B||4}.
(ii) ⇒ (i): Assume there exists a unit sequence {xn} such that

lim
n→∞

|⟨ABxn, (AB)∗xn⟩| = max{||A||4, ||B||4}

Then, by Definition 9, Corollary 7, and (27), we have the chain of inequalities:

max{||A||4, ||B||4} ≤ ω((AB)2) (This limit is ω((AB)2) if AB is normal)

≤ ω2(AB) (by Theorem 2.1)

≤ ωv
2(AB) (by Corollary 7 proof)

≤ ||AB||2 ≤ (||A||||B||)2 ≤ (max{||A||2, ||B||2})2 = max{||A||4, ||B||4}

All inequalities must be equalities. Thus, ω2
v(AB) = max{||A||4, ||B||4}, which means

ωv(AB) = max{||A||2, ||B||2}.

Remark 8. From Corollary 6 and Corollary 7, for any A,B ∈ B(H), v ∈ [0, 1], α = max{v, 1−
v}, it holds that

ωv(A
2 +B2) ≤ ωv(A

2) + ωv(B
2) ≤ 2αω2

v(A) + 2αω2
v(B) ≤ 4αmax{ω2

v(A), ω
2
v(B)}

Theorem 6.18. If A,B ∈ B(H), v ∈ [0, 1], α = max{v, 1−v}, then the following conditions
are equivalent:

• (i) ωv(A
2 +B2) = 4αmax{ω2

v(A), ω
2
v(B)}

• (ii) There exists θ ∈ [0, 2π] and a sequence of unit vectors {xn} in H such that

lim
n→∞

⟨Mv(e
iθA2)xn,Mv(e

iθB2)xn⟩ = 4α2max{ω4
v(A), ω

4
v(B)}

Proof of Theorem 10. (i) ⇒ (ii): From the facts preceding the theorem, equality must hold
throughout the chain. This means:

ωv(A
2 +B2) = ωv(A

2) + ωv(B
2)

and
ωv(A

2) = 2αω2
v(A) and ωv(B

2) = 2αω2
v(B)

and
ω2
v(A) = ω2

v(B) = max{ω2
v(A), ω

2
v(B)}

From ωv(A
2 + B2) = ωv(A

2) + ωv(B
2), by Theorem 7, there exists θ ∈ [0, 2π] and a unit

sequence {xn} such that

lim
n→∞

⟨Mv(e
iθA2)xn,Mv(e

iθB2)xn⟩ = ωv(A
2)ωv(B

2)
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Substituting the equalities from above:

= (2αω2
v(A))(2αω

2
v(B)) = 4α2max{ω4

v(A), ω
4
v(B)}

(ii) ⇒ (i): By Lemma 1, the condition implies

lim
n→∞

R⟨Mv(e
iθA2)xn,Mv(e

iθB2)xn⟩ = 4α2max{ω4
v(A), ωv

4(B)} (28)

Furthermore, by the Cauchy inequality and Corollary 7:

R⟨Mv(e
iθA2)xn, . . . ⟩ ≤ |⟨Mv(e

iθA2)xn,Mv(e
iθB2)xn⟩|

≤ ||Mv(e
iθA2)|| · ||Mv(e

iθB2)||
≤ ωv(A

2)ωv(B
2)

≤ (2αω2
v(A))(2αω

2
v(B))

≤ 4α2ω
4
v(A) + ω4

v(B)

2
≤ 4α2max{ω4

v(A), ω
4
v(B)}

Taking the limit n → ∞, (28) implies all inequalities must be equalities. This gives:

ωv(A
2)ωv(B

2) = 4α2max{ω4
v(A), ω

4
v(B)}

and (combined with Corollary 7)

ωv(A
2) = 2αω2

v(A) and ωv(B
2) = 2αω2

v(B) and ω2
v(A) = ω2

v(B) (29)

Therefore, limn→∞⟨Mν(e
iθA2)xn,Mν(e

iθB2)xn⟩ = ων(A
2)ων(B

2). By Theorem 7, this implies

ωv(A
2 +B2) = ωv(A

2) + ωv(B
2)

Using (29), we get

ωv(A
2 +B2) = 2αω2

v(A) + 2αω2
v(B) = 4αmax{ω2

v(A), ω
2
v(B)}
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1. Source of the research topic and background: This paper is mainly influenced
by references [1] and [2]. These two articles recently defined the weighted numerical radius
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