
Abstract

References [1] and [2] have recently dened the weighted numerical radius of oper-
ators in dierent ways. This paper studies the dierences and unications of these two
denitions, as well as their connection to the classical numerical radius. Regarding the
numerical radius in reference [2],

ωv(A) = sup
θ∈R

veiθA+ (1− v)e−iθA∗

where v ∈ [0, 1] and A is any bounded linear operator on a Hilbert space H. Inspired
by the denition of weighted operator norms in [1], and based on [2], we provide a new
denition of a weighted operator norm. We call

Mv(A) = vA+ (1− v)A∗

the weighted average transformation of operator A, and call

Av ≜ Mv(A)

the weighted operator norm of operator A. We utilize the convexity of the weighted
numerical radius combined with the Hadamard inequality to develop estimates for
the numerical radius, particularly focusing on inequalities for the weighted numerical
radius. We establish necessary and sucient conditions for some boundary equalities
such as

A+Bv2 = A2v + B2v
and

ωv(A
2 +B2) = 4αmaxω2

v(A),ω2
v(B)

In particular, we use Example 3 to illustrate that the inequality ωv(A+B) ≤ ωv(A) +
ωv(B) strengthens the results of Carmichael and Mason regarding polynomial root
estimation.
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